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Annotation

The natural vibrations of piecewise homogeneous spherical bodies located in an
infinitely elastic medium are considered. A specker of complex mechanical systems is
obtained, which is located in an elastic medium depending on various geometric and
parametric parameters of the system. If we consider a rigid sphere in an infinitesimal elastic
medium, rather than in elastic space, then it is shown what form the partial differential
equation takes.
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Let us consider the natural vibrations of piecewise homogeneous spherical bodies (Fig.
1) or in a spherical cavity located in an infinitely elastic medium.

Spherical cavity. In this case, there is no wave inside the sphere, so

(b(p) = [cl)] = P P —

LlJ(p) = v =0 ¢ uyP =0. (D)

Therefore, only two groups of coefficients need to be determined. {A,,} u {B,}
R=An], (ur) + B,hy (ur) (2)

Only two boundary conditions are necessary. We require that the voltage components
be continuous at the boundary at r = a
Orr = Orp = 0
This condition leads to the following equations for w .
608, — 58S = 0 3)
Where

(0) [Bl 2n(n —1)Jh, (o) — 4o hpyq (ay)
(0) = [32 (n? — 1)] hygy = Bihnes (B1)

(0) [2n(n+ D —1]hy(B1) — B1hn+1(B1)
(0) = [(n = D]hy (o) — g hyyq(0y)
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Oll—qu—cg—lq, Br—z

The frequency equation is also solved by the Muller method on a computer. The
asymmetric natural oscillations of a spherical hole are shown in Fig-2

In an incompressible medium (¢, — o and v; =.0,5) attenuation, of course, is absent.
The results of numerical calculations on a computer are presented in the table 1.by n=1.

6) hard inclusions. If, instead of an elastic cavity, a rigid sphere is considered in an
infinitely elastic medium, then the partial equation (3.) takes the form

D _ (D) _

11 512 813614 =0 (4.)

Expressions Egll), 512) ) g? 'ES}) they have the following form

E) = (1 = n)hy(ay) — ay hy (ay)
2 =21 —m]hy(B) — By by (B)
% =201 - mih, (B)
% = @ -mih ()
N = Pep/Poicn

The numerical results are shown in Table 2. When v; = 0,25.

As we can see, when m > 1 the real parts of the first natural frequency vanish.

Dependence of the complex natural frequencies of a spherical cavity on v; (v;
environmental Poisson's ratio) .

Table -1
Q v; = 0,25 v; = 0,35 v; = 0,40 v; = 0,45 v; =05
0.6019D+01 0,7501D+01 0,8541D+00 0,9120D+00 | 0,7201D+00
Q -0,7981D+ -0,6414D+ -0,5591D+01 0,4910D+00 | 0,0000D+00
+00i +01i

The frequency equation of radial oscillation of a spherical elastic body is solved as a test

problem. The results were compared with the results of the work [1].

By ®(r,6,®) = 0,¥ = 6 = 0 he frequency equation (3.) of a spherical body takes the
form.

(A+ 2-wW[(2 —h2%a?)sinha— 2-h-a- cosha] + 2A(h - acosha — sinha) = 0 (5)

where h = w/c, . The numerical values of the solution of the frequency equation (5.) are
given in Table 3.

As you can see from the table, the numerical results match after the decimal point to the
fifth digit. Let us consider the natural vibrations of spherical inclusions located in an elastic
medium. Dependence of complex frequencies of rigid spherical attraction on n

Table-2
n Q, Qqi
0.2 0.253 D +00 0.4710D -02
0.5 0.520 D +00 0.6148 D -02
0.8 0.8101 D +00 0.9118 D -02
1.0 0.1924 D -13 0.1211D-11
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Comparison of natural frequencies of an elastic medium.

Table-3
h Our results The results of the work [2]
0.8160 0.816025 D +00 0.816027D +00
1.9285 0.192846D +01 0.192843D +00
2.9359 0.293816D +01 0.293812D +00
3.9658 0.396472D +01 0.396478D+-00
Xz PQQR
5 -4 -3 2 -1 o I 2 3 5

Fig. 1 Fig. 2

Calculation scheme for Distribution of the roots of the frequency
spherical bodies located in an equations
infinite environment.

Torsional oscillations. They are characterized by the vanishing of the radial component
of the mixing vector u, as well as dilation diJ u. It is easy to see that in the general solution,
they correspond to the part that includes the coefficients C,,,,

&P\ [dP] 0] o . [Jn(ar)] rcosnd omiw
(qj(p)>_ y®| ‘PT,]ZH:OEHI ]n(Br)“sme t

Substituting this part into the boundary conditions leads to the following system of
equations for determining the coefficients

Cin ¥ Chin

Chnn (k" R)= Cimahn (k¢ R)

wCn [0 = 1) jn (kS R)-(k P R)jns1 (K R)]=
= wCE [ — 1) hy (kSR)-(kR)jnr1 (kVR)]

From equating the determinant of the system to zero, we obtain the equation for the
natural frequencies of torsional vibrations of a spherical inclusion:

[n-1-g;(BX)] = p[n =1 —ge(X)]  (5)

Where

8i(2)= Zjn+1(2)/jn(2), 8e(2)= zjhp41(2)/jhn(z), X= wR/cge,
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The dimensionless frequency reduced to the transverse velocity in the medium,

B = Cse/Csi

The ratio of transverse velocities outside (cs.) And inside (cg;) spherical inclusion,
N=pe/pi- the ratio of densities and p=p./u;=p*n- the ratio of the shear modulus of the host
medium and inclusion.

It is easy to see that equation (5) has a set of complex frequencies as its solution. x® =
X(()K) + ing). The actual part X(()K) defines the natural frequency, and the imaginary part xi(K).- the
corresponding attenuation coefficient. From a physical point of view, attenuation in an ideal
elastic medium is explained by the radiation of energy from excited natural vibrations due to
diverging spherical elastic waves. If we make a limiting transition in (5) corresponding to the
case of the absence of a broadcasting medium (an isolated elastic ball at p > 0, then we will
naturally arrive at the real frequency equation of torsional vibrations of the ball.

n-1-g;(Xsi)=0 (6)

where xs= wR/cg, -this equation defines a discrete spectrumxgi() already valid
frequencies, since there is no radiation. In the opposite case of a spherical cavity in a
continuous elastic medium, when p—oo, we arrive at the complex frequency equation

n-1-g, (x)=0 (7)
describing the spectrum of complex values x™ natural frequencies to the torsional

vibrations of the cavity.
Let us expand (5) for an example in the case of n=1 U n=2. We get when n=1

_ BZx2(1+ix)
By ct8By=1- Szp ma—pyanio (8)

And when n=2
_1_.1n2,2
By ctgBy=1- 3 B2x%x
B (-9

X{1+—= 4412 2 : -i(1_Ly2 } (9)
—3Px*+ [ (p—B*)—12(p-1][x (1—§x )]

Accordingly, these complex transcendental equations transform at p— 0 B real
equations for the natural oscillation frequencies of a ball, p — o — B into complex equations
for natural frequencies and natural attenuation of torsional vibrations of the plane. It is when

n=1
2
1

XsiCtgXsi=1- " (10)
X2- 3iy- 3=0 (11)
and at n=2

4 si2
XsiCtgXsi=1+ )(51)2(—_12 (12)
x2- 5ix%-12x + 12i =0 (13)

It is interesting to note that equations (10) and (12), as well as the more general
transcendental equations, include both trigonometric and algebraic functions. Due to the
periodicity property of trigonometric functions, for each number n we will have an infinitely
countable set of natural frequencies .The exception is the case of a cavity, when the natural
frequencies are determined by algebraic equations of finite order, increasing with the number
n. Spheroidal oscillations. This class of vibrations is characterized by the collapse to zero of
the radial component of the rotation u in the general solution (3), this class corresponds to the
part including the coefficients A_.mp and B_mp. Substituting this part into the boundary
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conditions (10) gives a homogeneous system of equations for determining the coefficients

AE;?H, AE;?H , Br(:l)n % Bgl)n. As usual, the equality of the determinant of the system to zero means
that it is compatible and leads to a transcendental equation for the natural frequencies of
diy dip diz dig
spheroidal oscillations. The determinant has the form A ,, = dd21322 323 324
31 Y32 Y33 34
dyy dgp dyz dag

Where are the elements d;, are expressed as follows:

d11=n-g;(ayx), d13=n-ge (YX),
dip=n(n+1) di4=n(n+1),

d;;=1 dy3=1,

dy2=n+1-g;(Bx), dzs=n+1-g.(X),

d3; = n?-n-> B2x?+2g; (ayx), d33 = n?-n—=x?+2ge (Y,
d3z=n(n+1)[n-1-g;(Bx)], dz4=n(n+1)[n-1-g. ()],

ds1=n-1 — g;(ayx),
dy3=n-1—gc(vx),
1 1
dsz = n?-1 — = B2x+gi (BY) dye = 1?1 —-x2+g. 00,
Here a=cpe/cpi- the ratio of the longitudinal velocities outside and inside the sphere,

y:Cse/Cpe- the ratio of the transverse and longitudinal velocities for the host medium, and the

other designations have the same meaning as when considering torsional vibrations.

The transcendental equation for determining natural frequencies A,=0
(14)

It has a hard-to-see appearance in this case. At p—0, it turns into a real equation of
proper spheroidal vibrations of the ball

1
n? —n-- x5+ 28i (YiXsi) n(n-1)[n-1-(gixsi)]
-0, (15)
n-1—g;(yiXsi) n? —1--x%+g; (Xsi)
rze
c
Yi= pe/Cpi

By p = o — We arrive at a complex transcendental equation for the complex natural
frequencies of spheroidal cavity vibrations:
n? —n-—x?+2g.(YX) n(n+1)[n-1-g(x)]
=0, (16)
n-1—g.(YX) n? —1-x* +ge (X))
An important special case of spheroidal oscillations is radial oscillations.As follows from
(9), at n=0, only the radial component of the displacement is nonzero. Movements occur only

in the radial direction
Uy =-Agoby (k,1),

rr = & Aoo[4D1 (kpr)-G2] (k1) by (pr)]

Using boundary conditions ug) = uge)u GE? = oﬁ? by rR, as a result, we come to the

following equation for the natural frequencies of radial oscillations of a spherical inclusion:
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_ _ﬁ 1+1yyx
Ry ary e (an

Similarly, there are two limiting cases here: radial vibrations of the ball

(p — 0) and cavities (p = o). Accordingly, we get
2

XpiCtgXpi = 1 — v (18)
X? —4iyx—4 = 0. (19)
Where

Xpi = WR/Cp;

Analytical investigation of the equation (17) depending on the parameters a,y,n,u p B
in the general case, it is difficult. Nevertheless, it is possible to view the conditions under
which the real and imaginary parts of the natural frequencies are small, i.e.

|xpi| = |layx| <1

Decomposing ctg < yx on the left side (17) up to cubic terms, we arrive at a quadratic

equation with respect to x_pi

1 4 , 1 3 3
[a—z‘ﬁa]xpi‘;[‘*a*n?]xp‘ [4“]1?] =0
Where
a= (te — 1i)/(Ae + 21,). Note that
3
4a+n? = (4pe + 3 + 214)/(Ae + 2pe) > 0.

Condition |Xp;| < 1 it will be executed if
3 1,
a[4a+n?]/[1—1—5aoc ] <1
This is possible, for example, in the case of an air bubble in a liquid when
o« = 0un >> 1. At the same time Rexp;~+/3/nalmxy; 3/2 an, what does the existence
of acutely resonant low-frequency oscillations mean, since
(Rexpi/Imxp;) >> 1
Conclusion
Thus, the oscillations of homogeneous spherical bodies in an infinitely elastic medium
were compared. Depending on the various geometric and parametric parameters of the
system, a range of complex mechanical systems is determined, located in an elastic

environment. When we consider a rigid sphere not in the elastic phase, but in an infinitesimal
elastic medium, the equation shows how it manifests itself in partial derivatives

Literatures:
1 .My6opaxkoB f.H. CapapoB U.U. Ouenka ceiicMoHanpsl »KEHHOTO COCTOSIHUS MOJ3€MHBIX,
copyKEHHUH MeTO/I0OM BOJITHOBOM JIUHAMUKHU. (CeiCMOAMHAMMKa 3aJaHUU U COOPYTEHHH )
2. HedenoB B.A, ®aaitiep H.M. U3bickaHue npoduibHON JIMHUM TOYBOOOPA6GATHIBAIOILYTO
paboyero opraHa MUHUMaJIbHOW 3HeproéMkoctu //B 06. HayyHbix TpygoB MUUCII: Teopus
M pacyeT N0o4BooOpabaThiBawIMX MalluH. M., 1889
3.IlonoB M.B. TeopeTuyeckasa MexaHuka M. Hayka 1986.
. 4. 3.X. T'atbynnaes, B.A. A3usoB PacnpocTpaHeHUM HeCTallMOHAPHBIX BO3MYIIEHUH OT
[UJINHPUYECKUX noJsiocTeld. HayyHbiil xypHan UHTepHayka. Yactb 1. 6(88) MockBa 2019.
https://elibrary.ru/item.asp?id=38543929

155

IBET | Volume 5, Issue 06, June




INTERNATIONAL BULLETIN OF ENGINEERING

AND TECHNOLOGY

5. 3.X. laitbynnaes, b.A. A3ru3oB PacnpocTpaHeHue cBOGOHBIX BOJIH B [IByX- U TPEXCIOMHBIX
IJIOCKUX AMCCUNIAaTUBAHbBIX cMcTeMax. HayuHbii )kypHas UHTepHayka. YacTk 1. 6(88) MockBa

2019. https://elibrary.ru/item.asp?id=38543933
6. TlaibynaeB 3. X, AsusoB b. A, CaBpulieB . C. OITPEJEJIEHUE ITAPAMETPOB

CEMAINPOBOJZA// Universum: TexHu4yeckue Hayku. - 2020. - Ne. 6-1 (75).
https://7universum.com/ru/tech/archive/item/9612

156

)
=
=]
J—
\©
=
)
=
2]
2]
L
1)
)
£
=
=
>
-
=
aa)
L]




